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A GENERATOR OF RANDOM NUMBERS*

H. Isaksson
Telecommunications Research Laboratory

With a view to the application of the Danish electronic digital computer (DASK) to
the solution of traffic-theoretical problems, the Telecommunications Research Labora-
tory of Denmark has developed a generator of random numbers. The present paper gives
a brief description of the principles of operation of the generator and mentions some of
the underlying considerations. Utilizing the shot noise effect in a diode, the generator is
capable of producing 5,000 binary digits per second. The random numbers generated
have been subjected to various statistical tests for randomness, all of which gave satis-

factory results.

Introduction

In telephone exchanges, the most economical
arrangement of trunks and switching equipment
to carry the required volume of traffic can be
determined on a purely mathematical basis, as
experience has shown that the frequency and
duration of the calls follow certain statistical dis-
tributions. This being so, it is possible to con-
struct a stochastic model to describe any particular
switching problem. Applying the classical calculus
of probability, such a problem in terms of prob-
abilities is converted into a problem in terms of
functional equations, the solution of which is a
purely mathematical problem.

A mathematical method, based on probability
calculus, of determining the proportion of lost
calls in a telephone system was first evolved by
A. K. Erlang. He derived the fundamental B-
formula for determining the grade of service of a
simple or *‘full availability”” group of switching
devices, i.e., a switching stage whose trunks and/
or selectors cooperate in such a way that any one
incoming call has access to any one available
outlet.

In modern telephone systems, however, there
are numerous instances of less perfect coopera-
tion, in that any one call has access to certain
outlets only, as is the case e.g. when the number
of outgoing trunks from a group of selectors is
greater than the number of selector bank contacts,
for which reason the trunks are connected to
the selectors according to a so-called ‘“‘grading
scheme’. Using this term in a wider sense, a
variety of problems of limited availability groups
may be collectively referred to as grading prob-
lems.

Erlang examined a theoretically very simple
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grading problem and derived an exact formula
for determination of the loss of calls, the so-
called “‘ideal grading formula’, in which he con-
siders a group of n trunks being offered a total
traffic A from selectors with k& bank contacts, so
that the calls from any one selector have access
only to k particular ones out of the n trunks in
the group, always assuming that the traffic is
distributed entirely at random over these n trunks.
The probability of loss is then determined by
Erlang’s ideal grading formula.

The grading scheme commonly employed in
automatic telephone systems is more complicated,
involving the use of individual trunks and com-
mon trunks as shown in Fig. 1. Here, 9 trunks
are distributed over 2 selector groups such that
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Fig. 1. Grading.

each selector group has access to 3 individual
trunks (1-—2—3 and 4—5—6), while the remaining
3 trunks (7—8—9) are shared by the two selector
groups. The traffic offered by the two groups is
A, erlang and A, erlang, respectively. C. Palm
published, in 1936, the results of an exact cal-
culation of some simple gradings of this type, but
the formulas are not very well suited for numeriecal
computation, for which reason an approximative
method, suggested by O’Dell, is resorted to in most
cases even though the approximation is fairly
rough. Of course, the more complex the gradings,
the greater the difficulties and the more incalcul-
able the consequences of introducing approxima-
tions; and so it is only natural to seek other ways
of solving grading problems.




26 TELETEKNIK

1959

A method frequently employed consists in
making model experiments by means of what is
known as traffic machines. These contain a
number of eleciro-mechanical or electronic units
which can be combined to form a model of the
traffic system to be studied, and furthermore sofme
means of generating an artificial traffic possessing
specific statistical properties, supplemented with
devices for measuring the respective volumes of
traffic offered, completed, and lost. The desired
empirical data on the traffic capacity of the tele-
phone system in question can be obtained through
a series of experiments with such a model.

In order to ensure sufficient accuracy it is
necessary that a large number of calls be made
for determination of any one point of measure-
ment. Accordingly the traffic machines always
operate with a greatly enlarged time scale so that,
e.g., the amount of traffic handled during one
hour in the real system will be handled during
one minute in the model.

A major problem in the design of a traffic
machine is how to produce the artificial traffic.
Some practical solutions are based on purely me-
chanical methods (throwing of dice, Monte Carlo
games of chance), while others depend on elec-
trical phenomena (radioactive disintegration,
thermionic noise or shot effect) as source of
artificial traffic.

Many different traffic machines have been
built during the last 25 years all over the world.
These machines are often both large and expen-
sive, and several of them come short in that they
are designed for solution of a particular type of
problem only and cannot readily be applied to
other types of problems.

The development, during recent years, of the
modern electronic digital computing machines
quite naturally led to the idea of utilizing these
for traffic experiments. A method of carrying out
grading calculations according to the Monte Carlo
system by means of the Swedish electronic com-
puter BESK was first described by Neovius [1]
in 1955. By this method, a simulated model of
the system to be investigated is set up through a
special programming of the computer, each
switching device and its possible switching con-
ditions being represented by memory cells in the
storage section of the computer. The time inter-
vals between successive calls are determined by
means of a sequence of random numbers P,, P,,
P,, ... fed into the computer from some outside
source, or generated by the computer itself. The

random numbers, which will be uniformly dis-
tributed within a given interval, e.g. 0 < P < 1,
are transformed in the computing machine into
another sequence of numbers S;, S;, S3, ... in
such a way as to produce the desired distribu-
tion of calls (the Poisson distribution, for example,
is obtained by the transformation S = — k log,P).
The holding times may be constant, or another
sequence of suitably transformed random num-
bers may be employed to determine the holding
times in accordance with a given distribution.
In programming the computer, ‘‘instructions’
can similarly be included as to the order in which
the various groups of switching devices or trunks
should be searched over.

Thanks to the great operating speed of the
electronic computer, it permits traffic experi-
ments by the method outlined above to be carried
out at the same speed, or faster than by means of
artificial traffic equipment proper. It is a require-
ment, however, that the random numbers can be
generated quickly enough and
quantity.

in sufficient

The various available methods of generating
random numbers can be divided into two funda-
mental categories: the mathematical and the
physical methods.

Mathematical generation of random numbers
is based on the experience that it is possible, by
reiteraling some simple algebraic operations, to
produce a set of numbers whose terms may be
regarded, with good approximation, as constitut-
ing a random sequence. These numbers will
obviously be reproducible, a fact which may have
certain advantages; thus, it enables one to watch
closely the effects of a change in, say, a grading
scheme, as the conditions of the experiment can
otherwise be kept unchanged. Periodicity cannot
possibly be avoided in these mathematically
produced numbers, however; that is to say, one
can only produce a finite quantity of numbers
satisfying the condition of randomness.

In generating random numbers by physical
methods, one utilizes natural phenomena having
the characteristics of random occurrences. All
atomic processes take a hap-hazard course as far
as individual particles are concerned; examples
are radioactive disintegration of atomic nuclei, and
kinetic motions of electrons. Physically gencrated
random numbers will in principle be nonperiodic,
i.e., it is possible to produce an infinite quantity
of random numbers.
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For his traffic experiments on BESK, Neovius
made use of random numbers generated by the
computing machine itself according to methods
that will be described at the end of the present
paper. Taking cognizance of the Swedish experi-
ments, the Danish telephone administrations —
who for some time had been planning the con-
struction of a traffic machine proper, to serve the
purpose of solving grading-scheme problems —
decided to abandon these plans and, instead, go in
for applying to this purpose the Danish electronic
digital computer DASK which was then in process
of construction. At the same time, however, it was
decided to build a special generator of random
numbers, based on physical methods. This gener-
ator will be described in the following, and men-
tion will be made of some of the considerations
and experiments that led to the form of construc-
tion finally chosen. The last part of the paper
gives the results of various statistical tests for
randomness, applied to sequences obtained from
the generator and to sequences obtained from the
clectronic computer utilizing the method em-
ployed by Neovius.

Physical Methods of Generating Random Numbers

Some examples of electronic generators of
random numbers, as described in the literature,
may be briefly mentioned here by way of intro-
duction.

An electronic traffic analyser, constructed by
the British G.P.O. and described by Broadhurst
and Harmston [2], employs a generator of random
numbers which utilizes the noise voltage from a
neon tube. The machine contains a number of
parallel-connected generators of this type, each
generating 300 binary digits per second.

For use in connection with the German electron-
ic computer “Gottinger Maschine G 2", a gener-
ator of random numbers has been designed which
operates on the basis of radioactive radiation.
The numbers are generaled at the rate of 800
binary digits per second. Statistical tests, applied
to sequences of length 7x 105 bits, gave satis-
factory results [3].

In the P.T.T. of Holland, Kosten [4] has de-
veloped a generator of random numbers with
electrical noise as source. The operating principle
deserves a brief mention, as it offers many ad-
vantages when the rate of speed, at which the
numbers are to be generated, is a minor consider-
ation. A free-running blocking oscillator is
“frequency-modulated”” by means of the noise

from a noise diode, a noise voltage being super-
imposed upon the voltage on the grid of the oscil-
lator. The moment at which the grid potential
attains its cut-off value — i.e., at which the valve
begins to draw current -— can then be slightly
accelerated or retarded by the superimposed noise
voltage, to the effect that the time intervals be-
tween successive impulses from the blocking
oscillator will be caused to vary at random about
a mean value which equals the impulse period as
for the undisturbed blocking oscillator. A count
of the impulses from the blocking oscillator during
a length of time which is great in relation to the
mean impulse period, will be equally likely to
reach an odd or an even total. The use of this
arrangement ensures a certain minimum interval
between the impulses to be counted, thus render-
ing the counter non-critical. The rate of outpul
was in this case 50 bits per second.

Finally it may be mentioned that Carl Jacobsen
[5] in some experiments, made at the Jutland
Telephone Company with a simple type of traffic
machine, has used a radioactive substance com-
bined with a Geiger counter as source of artificial
traffic.

Generator Based on Radioactive Disintegration

In attempting to generate random numbers by
physical methods, the Telecommunications Re-
search Laboratory first employed a method based
on radioactive disintegration. Fig. 2 illustrates the
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Fig. 2. Generation of random numbers based upon radioactive
disintegration.

cxperimental apparatus, the operating principles
of which are as follows: The y-rays emitted from
a radioactive substance are detected and con-
verted into electric impulses, which are passed
on to a counter that counts the number of im-
pulses occurring during a given space of time.
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Since the intervals between successive impulses
are randomly distributed, it will be a matter of
pure chance whether the number of impulses re-
corded by the counter during this space of time
is even or odd. If the number is even, we shall
say that the outcome is 0; if odd, the outcome is 1.

The y-rays from the radioactive substance are
converted into electric impulses by means of a
scintillation counter, the impulses subsequently
being amplified and shaped in a pulse shaper.
Next, the impulses are routed via Gate 1 to the
counter, which is a bistable multivibrator whose
output signal is delivered via Gate 2. The whole
process is controlled by a control device. Gates 1
and 2 are closed when the system is at rest.
When a random number is to be generated, a
starting impulse is applied to the control device,
which then causes the following operations to take
place in the order mentioned: Gate 1 is opened
and kept open for a well-defined space of time,
and the number of impulses received during that
time is counted; on expiration of the counting
period, a “‘ready’’-signal is passed on to the elec-
tronic computer, which then reads the position
of the counter via Gate 2; and finally the binary
counter is reset. It is necessary to reset the counter
at the end of each train of impulses so as to ensure
exactly the same initial conditions for each ran-
dom number generated, inasmuch as correlation
between consecutive outcomes might otherwise be
apt to result.

The impulses that are counted by the bistable
multivibrator have different amplitudes, corre-
sponding to the different amounts of energy of
the several y-particles, and the interval between
any two impulses may sometimes be infinites-
imally short. Since the bistable multivibrator
inevitably has a certain relaxation period — i.e.,
it is insensitive to any disturbance for some time
after it has counted an impulse — there will
necessarily be instances of an impulse not being
counted because it occurs too soon after the pre-
ceding one.

We shall now investigate theoretically how the
relaxation period of the binary counter and the
length of the counting period will affect the dis-
tribution of the numbers generated by this meth-
od, recognizing that, in order for these numbers
to be random numbers proper, an equal distri-
bution of 0 and 1 must be the first condition; or
in other words, the outcomes 0 and 1 must be
cequally probable, as expressed by the equation
P0) = P(1) = 1/2.

Theoretical Study of the Distribution of 0 and 1 as
for the Counting Method
For this purpose we set up a statistical model
which represents, in principle, the generator of
random numbers shown in Fig. 2. The under-
lying assumptions are:

1. That the mean distance between any 2 suc-
cessive impulses from the scintillation count-
er is constant.

2. That the binary counter is reset to zero after
each reading.

3. Thatthe relaxation times of the binary count-
er on changing from Position 0 to Position 1,
and from Position 1 to Position 0, are con-
stant and equal to b and c times the mean
impulse period, respectively.

4. That the interval from the time of resetting
to zero until the time of reading (the counting
period) is constant.

5. That impulses occurring during a relaxation
period cannot operate the counter.

Without causing any change in the subsequent-
ly calculated probabilities, the requirements as to
constant relaxation time and counting period may
be replaced with a stipulation to the effect that
they may follow distributions having the mean
values b, ¢, and T, if only these distributions are
independent of time.

If the mean impulse period is used as unit of
time, the probability of no impulses occurring
during the time interval di will be

etdt 1)

Let us now consider the time interval T, ex-
tending from the resetting of the counter at time
t = 0 until the next reading of the counter at
time ¢ = T; and let us suppose that the multi-
vibrator has been triggered altogether n times, viz.

as a2 a3 I ¢
=0 Yy b o P 4
Tzz1
Fig. 3. Counting period with triggering times and relaxation
periods.

the first time at time ¢, the second time at time
{5, and so on. These triggering times and the
corresponding relaxation periods a,, a,, ... a,
are marked ofl along the time axis shown in
Fig. 3.

The probability of just this course of events,
p(ty ts, ..., t,, T),is the product of the following
probabilities:
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that the 1st impulse pe-
riod is #,

that the 2nd impulse pe-
riod is t, — t; — a,

that the 3rd impulse pe- } a,
riod is {3 — t, — a,

a, = b for v odd
= ¢ for v even

that the nth impulse pe-
riod is ¢,—1¢,

—1 "y
and that no impulse occurs from time ¢, - a,
until time T

For {,= T — a,, this last-mentioned proba-
bility is 1, and for t, < T — a,, it is

o
.

e_t dt = e_(T—tn_—an) .

(2

(Tr— ln— an)

Thus we have

e"'tx X e—(tz_tn—‘ax)x ..

p(lity, o1, T) =
e lixemh—h—ady

p(ty, .. 1, T) =

The probability p(n) of the flip-flop being
triggered n times within time T is then obtained
by integrating p(t,, t,,.. ., t,, T) over the interval
of possible values of the n variables (ty, ., )

v—1
Qe =t=t,—a, v=1,2 ..,n—1 (4)
1

n—1

Z“v§ l,< T

1

The resulting n-tuple integral reduces to the
simple integral

T
p(n)= § Pty - N
? (5)

p(ty, - .., 1, T') being independent of the first
n— 1 variables ¢, t,, ..., ¢, ;.

. X e_(tn_tn——l_an—l)

R
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Using (2) we obtain
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1
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fort, =z T—a,, or

3

n=— n

Finally, expanding e~*in a series and integrat-
ing term by term, we obtain

= ¢—(T'—xa) L
p(n) =¢ v -
n
n—1 n (T_Z av)“
Z e~ (T'—zay r
#=0 ! w!
et
r n—1 , (F‘; av)”
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ez , ™)
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Now letting A denote the event of ‘“an even

number of changes’ during the time T, the prob-
ability of a zero reading — i.e., ‘“‘outcome 0"’
will be P(4). Assuming that the relaxation period
is the same for either direction of triggering, which
means that c = b = aq, we find




































